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Instabilities in compression
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Wear resistant coating Optical coating

Instabilities limit loading of layered materials: delamination

lundi 18 novembre 13



Instabilities in compression
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Whose understanding and control finds original applications :
Flexible electronic devices

Kim et al. Nature Photonics, 

Resilient Light harvesting films
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Instabilities in compression
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And may be understand some aspects of morphogenesis ?

Xenopus Gastrulation 

http//www.gastrulation.org

Folding ?

Creasing ?

Crumpling ?

... ????
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Instabilities in compression
Drying fruits ? Aging Skin ?
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E = h3 ⇥ (bending) + h⇥ (stretching)

Euler Buckling of a free-standing film

h => 0  , bending is preferred by the stripe
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Presence of a foundation
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B: bending stiffness

E = B ⇥ (film bending) + K ⇥ (substrate stretching)

K: ‘effective’ stiffness
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Presence of a foundation

B: bending stiffness

E = B ⇥ (film bending) + K ⇥ (substrate stretching)

K: ‘effective’ stiffness
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Wrinkles are unstable

Pocivavsek**et#al,*Science*(2008)

Polyester*film*on*
water

Uniaxial stress: on Liquid foundation

Gold nanoparticles film
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Leahy*et#al,*PRL*(2010)
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Brau et al. Nature Physics,  2010

Uniaxial stress: On elastic substrate

Wrinkles are unstable
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Biaxial case: our questions

What happens in the more general biaxial case ? 

What is the dynamics of proliferation of these localizations ?

Canonical example of the paper ball
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How to make a crust in compression ?

Resin&(NoA71)&

Substrate&(glass&or&PET&film)&

PDMS&

Film&with&moduli&gradient&&

1st$UV$exposure$

Peeling$off$PDMS$

2nd$UV$exposure*$

w$or$r/o$Plasma$treatment**$

Viscoelastic layer 
 (Re-active layer)   

ElasAc&layer&&&

[O2]& hC#

O2#

O2#

• &Variables&
&&&I&*$2nd&UV&exposure&:&control&of&Es/Ef&

&&&&I$*&corona&treatment:&increasing&strain&

• Ref:&completely&cured&NoA&~&400&MPa&

Corona$discharge*$
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Wrinkling instability
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λ
Α

AFM

Wrinkling instability
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Chen, X. and J. Hutchinson, J. Appl. Mech.-T Asme, 2004
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Fold nucleation
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Fold nucleation
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Fold nucleation
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Nonlinear transition: Wrinkle-to-Fold

SEM of a fold cross section
18
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Reticulated network formation

Pilnam*, Abkarian* and Stone, Nature Materials 2011 19
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Hierarchical partitioning of the surface  
Terminal*and*segmental*branches

Linear'growth'rate
due'to'the'self2regula3on

20
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Self-regulation process
T=0

Ac#ve&#p

Stagnant&#p

Δt&=5&sec

<Active tip> Propagating direction

2nd wrinkles

<Stagnant tip>

21
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Communication and networking

Time
t=*9*sec t=*14*sec t=*34*sec

Forma#on&of&NetworkGrowth&of&FoldsNuclea#on&of&Folds

D

!How does it form closed domains?

Anastomosis
22
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Self-regulation process: fold-fold interaction

2

Wrinkles

Fold tip

Fold

a) b)

c)

d) e)
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Wrinkling "
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FIG. 1. (a) Geometry of the problem and notation for study-
ing the folding instability of a layered system, which consists
an expanding thin crust bonded to a viscoelastic foundation.
(b) Side view of a wrinkle state (wavelength �), and folding
state. (c) Top view optical images showing one sequence of
the wrinkle-to-fold transition. The fold localizes and prop-
agates in a region of disordered wrinkles. (d) The surface
has a closed network when wrinkle-to-fold transitions have
occurred. Tips of fold are visible inside the network. Inset
shows the magnified image of tip. A typical length scale of the
lateral size of tip l ⇠ 3�. (e) Two folds are approaching each
other. The wrinkled pattern at the front of fold is observed.

orientation of the wrinkles. It follows that propagating
folds may interact with neighboring folds if they are in a
common zone of influence.

We analyzed many events of fold propagation and iden-
tified four characteristic types of interactions between
two folds. Figure 3 summarizes the types of interactions
observed in our experiments. When the folds are nearly
parallel, two di↵erent types of interaction occurred: (a)
Head-on coalesce and (b) bending and coalescence. If the
folds are too far apart, there is no interaction, as shown
in panel (c). The tip of fold propagates toward its origi-
nal direction. When folds approach each other at nearly
right angles, the interaction results in a T-connection as
shown in Fig. 3d.

These patterns of interactions are mainly induced by
a dynamical modification of the wrinkle fields or stress
field in the bridge area between two folds. For the coales-
cence, not only are wrinkles mostly parallel to the both

!t= 1 s100 µm

Wrinkles

Localization
( D)

a) b)

FIG. 2. (a) Temporal evolution of the wrinkle field between
two folds. The length of confinement D is defined by the
distance between the tips of the interacting folds. (b) As the
folds propagate, the stress is relaxed and wrinkles disappear.

a) Head-on coalesce

Bending 
+ 

coalescence
d) T-connectionc) No interaction

ti
m
e

b) 

leading tip

FIG. 3. Types of interactions. (a) Head-on Coalesce,
(b) Bending + coalescence, (c) No interaction, and (d) T-
connection.

folds, but the lateral size of the tips (` ⇠ 3�) overlap
each other. Thus, as approaching, the wrinkles merged
and the tips coalesced for a continuous, nearly straight
fold. For the bending interaction, the tips are roughly
parallel to each other, but the gap between the tips is
larger than the case of the coalesce. In a bending event,
typically one of tips propagate faster than the other; we
refer to faster tip “leading tip”. Once the leading tip ad-
vances, the other tip curves to meet the leading fold as
shown in the sequence Fig. 3(b). We note that the bend-
ing interaction observed here resembles the interaction of
approaching cracks in brittle failure or thin sheet under
tensile stress[5].[need discussion] In the case of fold-tip in-
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teractions, we can rationalize the dynamics by introduc-
ing the mechanism of local modification of the stress field
in a two-dimensional folding instability.[ref: our original
paper] A fold localizes the strain perpendicular to the
axis and results in an anisotropic stress field. Here this
asymmetric distribution of stress allows the approaching
tip to bend toward the leading fold. Such interaction
only occurs when the approaching fold is within the zone
of the modified stress field. If not, there is no interaction
between two folds.

In addition to bending, the T-connection is understood
by the dynamical rearrangement of the wrinkle field at
the front of a tip. As shown in Fig. 3(d), the final ori-
entation is almost same as the original direction which
we interpret the two tips and the corresponding wrin-
kle fields, having lefter influence on each other. Conse-
quently, the interaction is strongly related to the dynam-
ical stress field in the confinement regime between tips,
which depends the relative orientation of the two tips.
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FIG. 4. Phase diagram of the observed shapes of tip inter-
actions as a function of the relative orientation between the
interacting folds (angle �), and non-dimensional distance d/�0

between the folds. Here, d is identified as the distance taken
perpendicular to the direction of the leading or faster fold,
Tip 1.

Therefore, we next give a quantitative study of the

fold-tip interactions. We collect the data from the ob-
servation and plot the types of interaction in a phase
diagram of the relative orientation (angle, �) and non-
dimensional distance d/�0 characteristic of the interact-
ing regime (Fig. 4). Here, d is identified as the dis-
tance taken perpendicular to the direction of the leading
or faster fold. The coalesce interaction dominates when
� . 45� and d . 2�0. For 3�0  d < 8�0, a bending
interaction prevails in the case of � . 45�, which indi-
cates that if the distance d is smaller than the minimum
length scale of tip (about 3�0), the tips share at least one
wavelength that gives rise to eventual coalesce. If the
distance between two parallel folds is wider than 10�0,
the tips are not interacting each other. This observation
suggests that a fold can locally modify the stress field
within a zone-of-influence that extends laterally 8 � 10
times longer than the wavelength of wrinkles. Moreover,
if the relative orientation � is larger than 60�, the tips
are connected at nearly the same angle of their original
orientation, regardless a gap distance d.
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Boundary Effect and defects density

Isotrope With parallel folds

Bohn et al., 2005analogous to cracks
25
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Other features: playing with geometry
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Conclusion

27

Formation of a network under a 2D compressive stress in multilayers

Result of repetitive wrinkle-to-fold transitions: 
Folds propagate, frequently branch and intersect with each other in 
a self-regulated manner.

The hierarchical division of space is fundamentally linked to the 
tensorial nature of the stress field and the local and anisotropic 
release of stress via fold localization
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Can we say something about venation ?

28

FoldsCracks

According to classical theories of network elasticity, the
shear modulus is proportional to the density of elastically
active strands times thermal energy kBT. For the affine
model (12) of a network with N Kuhn steps of length
b between junctions, and polymer volume fraction f0,

G ! f0

b3N
kBT: (1)

Thus, the modulus scales linearly with the concentration of
polymer in the gel, but inversely with the length of the
chains. In the idealized case that each cross-linker is active
and every monomer is incorporated into the network, N is
proportional to the ratio of monomer to cross-linker concen-
trations. Because f0 is also proportional to monomer
concentration (assuming the amount of cross-linker is
small), we may expect from Eq. 1 that G should be propor-
tional to wx and independent of wm. In reality, nonidealities
in gel structure generally make G an increasing function of
both monomer and cross-linker concentration.

The osmotic stress p driving swelling of a polymer gel
is roughly equal to that of a semidilute polymer solution
of the same composition. When immersed in a good solvent,
the initial driving force for swelling (12) is given by

p " f2:3
0

b3
kBT: (2)

This is a strongly-increasing function of polymer concentra-
tion, but does not depend on N, thus it is nearly independent
of cross-linker concentration. Because swelling is deter-
mined by a balance between G and p, comparing Eq. 1
and Eq. 2 suggests that lf can be reduced while maintaining
fixed G by decreasing f0 (or wm) and simultaneously
increasing wx.

To test this assertion, we studied pAAm gels where at
each composition (Table 1) two identical gels were poly-
merized between coverslips; however, in one case the
bottom coverslip was treated with an adhesion promoter,
whereas in the other case it was treated with a release
coating allowing unconstrained swelling. Equilibrium
values of lf for unconstrained gels are plotted in Fig. 3 A,
with open symbols representing compositions where
surface-attached gels formed creases and solid symbols rep-
resenting those that did not.

Two important points should be noted. First, whereas lf
increases as wx is lowered for all values of wm, there is no
simple trend in the dependence of swelling on wm. This is
at first surprising, because the prediction for a covalently
cross-linked network swelled in a good solvent (13) is

lf " f0:25
0 N0:2; (3)

FIGURE 2 (A) Phase-contrast images indicate that adult
neural stem cells sensed the surface creases and projected
neurites along the creases on the unstable pAAm formulation.
(B) Immunostaining for cell phenotypes (10).

TABLE 1 Compositions and moduli of pAAm gels

AAm* content wm (wt %) Bisy content wx (wt %) G0 (Pa)

3.0% 0.02–0.2% 12–160
5.0% 0.02–0.2% 60–1100
7.5% 0.02–0.2% —
10.0% 0.02–0.2% 400–9600
12.0% 0.02–0.2% —

*Acrylamide.
yBisacrylamide.FIGURE 1 (A) Phase-contrast optical image of a creased pAAm

gel surface (1 kPa; 10 wt % AAm, 0.01 wt % sodium acrylate,
0.02 wt % Bis. Scale bar, 200 mm. (B) A confocal fluorescence
image (x,y,z scale 1:1:3) after swelling reveals sharp folds in
the gel surface (inset: x-y slice 32 mm below the surface).

FIGURE 3 (A) Linear swelling lf versus Bis content wx for
different AAm contents wm (see legend). Open symbols repre-
sent compositions where surface-attached gels formed creases.
Dotted and dashed lines at lf ! 1.5 and wx! 0.028 wt %, respec-
tively, delineate creased from stable gels. (B) Shear moduliG0 of
pAAm gels. (Open symbols) Compositions where surface-
attached gels formed creases. (Solid line) Predicted modulus if
all cross-links were elastically active. Estimated uncertainties
correspond approximately to marker sizes in both plots.

Biophysical Journal 99(12) L94–L96

Biophysical Letters L95

Creases

106 CHAPTER 12. ELASTIC INTERFACES INSTABILITY

Dicotyledons Monocotyledons

Schizophragma hydrangeoides Bamboo

1.5 mm

reticulated striated

Figure 12.9: Image of a Dicot and a Monocot leaf.

in leaves [?]. Moreover, we measured the time evolution of the angles between pre-existing folds
in our experiments (see [P01]) and at each node, the angles between folds are the result of a
balance of forces, which changes slowly in time both because of material expansion and the
connection, or nucleation, of new folds, as is observed in the case of pre-existing loops in leaves
[?].

In the case of monocotyledons, leaves show a di↵erent striated pattern in which major lon-
gitudinal veins lie parallel to the axis of the leaf and are connected transversally by minor
commissural veins (see Fig. 12.9). Monocot leaves grow folded inside an elongated cylindrical
sheath that protects them from the environment. We believe that this cylindrical geometry of
growth guide longitudinal venation. The importance of the geometry of growth is also captured
by our experiment on curved PDMS slab which displays a striated pattern of folds, analogous to
the venation of monocots, where longitudinal folds are connected by transversal ones (see Fig.
12.7).

The di↵erent lines of evidence presented above suggest that a folding instability provides
a stress-release mechanism capable of producing a hierarchical pattern analogous to the one
observed in leaves of many species of plants, including monocotyledons. Recently, numerical
models (15, 27, 28) of two-dimensional mesophylls (inner tissue of the leave where veins grow)
reported patterns analogous to those observed in our experiments. These numerical studies
underlined the necessity of a local stress-release mechanism to obtain a hierarchical division
process based on several ingredients, including an irreversible collapsible state for cells, and, in
order to obtain reorganization in time a di↵erent mechanical response to growth between cells
in veins and in areoles. In our experiments, folds intrinsically involve these ingredients.

In their seminal work, Couder et al. [57] commented that the problem of venation is related
to the genesis of the procambium, the vein precursor cells observed during leaf growth. The
procambium is only weakly di↵erentiated from the surrounding cells and transverse cross-section
of leaves showed that strands of elongated cells with specific direction of cell divisions characterize
it. This two-dimensional picture of the procambium inspired Couder et al. to propose that the
procambium di↵erentiation is the active response of mesophyll cells when a critical value of the
compressive stress is reached and that such a local stress relaxation mechanism could produce a
hierarchical network. However, the picture is not as simple. Indeed, venation paths are proven
to pre-exist procambium di↵erentiation, as shown in Fig. 12.10 questioning the possible role
stress could have on venation.

In fact, the prevalent view on the ontogeny of venation patterns, relies on the directional
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Dicotyledons Monocotyledons

Leaves venation architecture
Two groups of flowering plants

McSteen, 2010
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25'µm 100'µm 500'µm 1'mm

A B C D

Scarpella*et#al,*Development#(2004)*
Network of veinsHierarchical division of space

Venation formation and architecture

Nelson and Dengler 1997
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Leaves venation architecture

30/01/11 10:23http://upload.wikimedia.org/wikipedia/commons/e/e8/Leaf_morphology.svg
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Acicular
needle shaped

Falcate
hooked or sickle shaped

Orbicular
circular

Rhomboid
diamond-shaped

Acuminate
tapering to a long point

Flabellate
fan shaped

Ovate
egg-shaped, wide at base

Rosette
leaflets in tight circular rings

Alternate
leaflets arranged alternately

Hastate
triangular with basal lobes

Palmate
resembles a hand

Spatulate
spoon-shaped

Aristate
with a spine-like tip

Lanceolate
pointed at both ends

Pedate
palmate, divided lateral lobes

Spear-shaped
pointed, barbed base

Bipinnate
leaflets also pinnate

Linear
parallel margins, elongate

Peltate
stem attached centrally

Subulate
tapering point, awl-shaped

Cordate
heart-shaped, stem in cleft

Lobed
deeply intented margins

Perfoliate
stem seeming to pierce leaf

Trifoliate/Ternate
leaflets in threes

Cuneate
wedge shaped, acute base

Obcordate
heart-shaped, stem at point

Odd Pinnate
leaflets in rows, one at tip

Tripinnate
leaflets also bipinnate

Deltoid
triangular

Obovate
egg-shaped, narrow at base

Even Pinnate
leaflets in rows, two at tip

Truncate
squared-off apex

Unifoliate
having a single leaf

Pinnatisect
deep, opposite lobing

Obtuse
bluntly tipped

Digitate
with finger-like lobes

Elliptic
oval-shaped, small or no point

Opposite
leaflets in adjacent pairs

Reniform
kidney-shaped

Whorled
rings of three or more leaflets

Ciliate
with fine hairs

Crenate
with rounded teeth

Dentate
with symmetrical teeth

Denticulate
with fine dentition

Doubly Serrate
serrate with sub-teeth

Entire
even, smooth throughout

Lobate
indented, but not to midline

Serrate
teeth forward-pointing

Serrulate
with fine serration

Sinuate
with wave-like indentations

Spiny
with sharp stiff points

Undulate
widely wavy

Arcuate
secondary veins

bending toward apex

Cross-Venulate
small veins connecting

secondary veins

Dichotomous
veins branching

symmetrically in pairs

Longitudinal
veins aligned mostly

along long axis of leaf

Palmate
several primary veins
diverging from a point

Parallel
veins arranged axially,

not intersecting

Pinnate
secondary veins
paired oppositely

Reticulate
smaller veins

forming a network

Rotate
in peltate leaves,
veins radiating

SHAPE & ARRANGEMENT MARGIN

VENATION

wikipedia

1st and 2nd generation conserved 
in the plant

3rd, 4th...generations 
variable from leaf to leaf

Self-organized process 
not only genetics ?
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Branching

Sawchuk et al. 2007
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Reorganization

Sawchuk et al. 2007
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Not only static but also dynamic
Time-dependent deformation: Remodeling

Force2balance'model:'
Pulling'together

i) ii)

α

β γ

F3
F2

F1

α

β γ 

F2>F1> F3 Bohn et al., 2002
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Not only static but also dynamic
Linear'growth'rate due'to'the'self2regula3on

A.*RollandILagan*,*The#Plant#Journal#(2009)
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!(ii)!Network!on!a!curved!surface!

(ii)!Pa5ern!of!fold!network!

50#µm#

(i)!Pa5ern!of!leaf!margin!

Edgeworthia,chrysantha,,

1#mm#

!(i)!Bamboo!!

Ginkgo Biloba 

Parallel!folding!Parallel!vena;on!

500#µm 

c d 

More analogies with venation of leaves
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Growth hormone Auxin

indole-3-acetic acid (IAA)

from the greek auxien - «to grow»

Synthesized

Catabolized

S

S

C
C

C

lundi 18 novembre 13

http://en.wikipedia.org/wiki/Indole-3-acetic_acid
http://en.wikipedia.org/wiki/Indole-3-acetic_acid


Growth hormone Auxin

of the rate and the direction of auxin transport that is
central to auxin-based patterning.

It has been known for some time that plants transport
auxin in a polar fashion (Goldsmith 1966; Leopold & Hall
1966).To explain this phenomenon, the chemiosmotic model
of auxin transport was developed (Rubery & Sheldrake
1974;Raven 1975;Goldsmith & Goldsmith 1981;Goldsmith,
Goldsmith & Martin 1981). Auxin (indode-acetic-acid) is a
weak acid, and in the neutral pH inside cells, it is largely

dissociated. In this ionic form, auxin is hydrophilic and
unable to cross the plasma membrane. In order for auxin to
leave a cell, it requires the activity of carriers located at the
plasma membrane. One of these carriers, the PIN1 export
protein in Arabidopsis, is so important in the shoot that the
pin1 mutant is unable to generate flowers, and produces a
pin-shaped inflorescence instead (Okada et al. 1991). Once
outside the cell, in the lower pH of the extracellular space,
a significant portion (approximately 20%) of the auxin
becomes protonated, making it lipophilic and able to cross
the plasma membrane and re-enter cells passively.However,
there is evidence that passive influx is not always enough
for reliable patterning. Although the phenotypes are not as
severe as the PIN1 mutant, Arabidopsis plants missing
several import carriers show major disruption in organ posi-
tioning (Bainbridge et al. 2008). Figure 3 shows a schematic
representation of how auxin is thought to move through
cells. Import carriers located in the plasma membrane
import auxin into the cytosol from extracellular space. Once
inside a cell, auxin moves via diffusion, and is then trans-
ported out of the cell by export carriers. The export carriers
are often polarly localized to one side of the cell, and when
coordinated over multiple cells, this polarity results in a
directional flux of auxin through the tissue.

Since auxin gradients are created by active transport, the
patterning mechanism behind the establishment of these

Figure 2. Different patterning mechanisms can create similar
patterns on a line of cells. (a) Turing style reaction-diffusion
patterning based on Gierer & Meinhardt’s (1972)
activator-inhibitor system (activator shown in green, inhibitor
shown in red). (b) Transport-feedback patterning based on
up-gradient PIN1 orientation (auxin shown in green, PIN1 shown
in red). (c) Transport-feedback patterning based on the
upregulation of AUX1 (auxin shown in green, AUX1 shown in
red). Simulations performed with wrap around boundary
conditions. For simulation equations and parameters see the
supplemental materials.

(c)(b)

Auxin importers

Auxin exporters
Direction of auxin flux

Plasma membrane

Cytosol

Extracellular space

(a)

Figure 3. The polar transport of auxin through cells.
(a) Schematic representation of auxin transport. From the
extracellular space, the plant hormone auxin can enter cells
passively or via auxin importers (yellow) located at the plasma
membrane. Once inside the cell, auxin moves through the cytosol
by diffusion and is then transported out of the cell by export
carriers (red) which are often polarly localized to one side
of the cell. The coordinated polar localization of the auxin
exporters over multiple cells determines the overall direction
of the auxin flux within tissue (adapted from Smith 2008).
(b) Immunolocalization for PIN1 (red) in tomato shoot apex
showing polarly localized exporters. (c) Immunolocalization for
AUX1 (yellow) in Arabidopsis shoot apex showing the uniform
non-polar localization of the importer at the plasma membrane
(picture courtesy Katherine Bainbridge). Scale bars, 5 mm.

1260 R. S. Smith & E. M. Bayer

© 2009 Blackwell Publishing Ltd, Plant, Cell and Environment, 32, 1258–1271

Smith and Bayer, Plant, Cell and Environment (2009)
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Sachs Canalization hypothesis

Sachs, 1981

features of venation formation in young Arabidopsis leaves.
In all cases, we assumed that an increased auxin flux led to
vein differentiation (see Models section).

Acropetal formation of the primary vein

Analysis of vein patterning at the pre-procambial stage
(Scarpella et al., 2004) suggests that the primary vein is
formed acropetally (from leaf base to leaf tip), in spite of
auxin being transported basipetally from source to sink. This
phenomenon can be reproduced assuming that the forma-
tion of the primary vein is sink-driven rather than source-
driven. With a single sink cell at the bottom of the tissue and
an incoming flux of auxin along the entire top edge of the
tissue, a strand of increased flux developed acropetally from
the sink towards the top of the tissue (Figure 3a–c and
Movie S1 in Supplementary Material). Both FD and PT
models produced similar results.

Loop formation

In Arabidopsis, after the primary vein has been formed,
secondary veins appear as loops connecting to the primary
vein at different points (Figure 4a). This can be modeled
using either facilitated diffusion or polar transport, but the
models use different sets of assumptions and produce dif-
ferent results.

In the FD model, but not the PT model, loops appeared
only if the sink gradually moved away from the initial source
to simulate leaf growth, and two new sources were added
one after another on both sides of the initial source
(Figure 4b and Movie S2 in Supplementary Material). This
mode of operation is consistent with the assumption that
formation of leaf patterns involves shifting discrete auxin
sources (Aloni et al., 2003). The first source of auxin triggers
canalization. By the time the second and third sources are
added, the cell that contained the first source is already

Figure 3. An FD model of acropetal vein formation.
Initial conditions were a linear gradient of concentrations with high concentration at the top and zero concentration at the bottom line of cells. Boundary conditions
were a constant flux of auxin coming from the top edge of the tissue, and a sink for auxin (c ! 0) in cell (1,6).
(a) Simulation is shown at step 500: a strand started forming acropetally.
(b) Step 700 of the simulation: the strand has progressed acropetally.
(c) Step 10 000 of the simulation (steady state has been reached).

Figure 4. Formation of secondary veins.
(a) Early stage of vein formation in an Arabidopsis leaf, showing the primary vein and the first two loops of secondary veins as full black lines. (Reprinted from
Candela, H., Martı́nez-Laborda, A. and Micol, J.L. (1999) Venation pattern formation in Arabidopsis thaliana vegetative leaves. Dev. Biol. 205, 205–216, with
permission from Elsevier.)
(b) An FDmodel of loop formation. Initial concentrations were zero everywhere, and there was no incoming flux of auxin. A first auxin source (r ! 200) was present
in cell (9,6) until step 50, a second auxin source (r ! 200) was set in cell (9,9) from step 1600 onwards, and a third source (r ! 200) was set in cell (9,3) from step 2000
onwards. Initially cell (8,6) was a sink, then after every 500 simulation steps the sink was moved down one cell, until the last stage shown at step 4000.
(c) A PT model of loop formation, formulated using Equations (4). Initial concentrations were zero everywhere and there was no incoming flux of auxin. A source
(r ! 200) was set in cells (9,5), (9,6) and (9,7). A sink (c ! 0) was set in cell (1,6). Simulation is shown at step 10 000 (steady state has been reached).

Reviewing models of auxin canalization 859

ª Blackwell Publishing Ltd, The Plant Journal, (2005), 44, 854–865

Rolland-Lagan 
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Symphony of sources and sinks

To model branching and loops: synchronization of sources and sinks

Range of hypothesis on Auxin production and detection of cells 
with no clear experimental data

Where and when Auxin is produced by cells ?

How cells perceive Auxin differences and/or fluxes ?

Santos et al. Plant Biology 2010
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What can we say about it ?

41

FoldsCracks

According to classical theories of network elasticity, the
shear modulus is proportional to the density of elastically
active strands times thermal energy kBT. For the affine
model (12) of a network with N Kuhn steps of length
b between junctions, and polymer volume fraction f0,

G ! f0

b3N
kBT: (1)

Thus, the modulus scales linearly with the concentration of
polymer in the gel, but inversely with the length of the
chains. In the idealized case that each cross-linker is active
and every monomer is incorporated into the network, N is
proportional to the ratio of monomer to cross-linker concen-
trations. Because f0 is also proportional to monomer
concentration (assuming the amount of cross-linker is
small), we may expect from Eq. 1 that G should be propor-
tional to wx and independent of wm. In reality, nonidealities
in gel structure generally make G an increasing function of
both monomer and cross-linker concentration.

The osmotic stress p driving swelling of a polymer gel
is roughly equal to that of a semidilute polymer solution
of the same composition. When immersed in a good solvent,
the initial driving force for swelling (12) is given by

p " f2:3
0

b3
kBT: (2)

This is a strongly-increasing function of polymer concentra-
tion, but does not depend on N, thus it is nearly independent
of cross-linker concentration. Because swelling is deter-
mined by a balance between G and p, comparing Eq. 1
and Eq. 2 suggests that lf can be reduced while maintaining
fixed G by decreasing f0 (or wm) and simultaneously
increasing wx.

To test this assertion, we studied pAAm gels where at
each composition (Table 1) two identical gels were poly-
merized between coverslips; however, in one case the
bottom coverslip was treated with an adhesion promoter,
whereas in the other case it was treated with a release
coating allowing unconstrained swelling. Equilibrium
values of lf for unconstrained gels are plotted in Fig. 3 A,
with open symbols representing compositions where
surface-attached gels formed creases and solid symbols rep-
resenting those that did not.

Two important points should be noted. First, whereas lf
increases as wx is lowered for all values of wm, there is no
simple trend in the dependence of swelling on wm. This is
at first surprising, because the prediction for a covalently
cross-linked network swelled in a good solvent (13) is

lf " f0:25
0 N0:2; (3)

FIGURE 2 (A) Phase-contrast images indicate that adult
neural stem cells sensed the surface creases and projected
neurites along the creases on the unstable pAAm formulation.
(B) Immunostaining for cell phenotypes (10).

TABLE 1 Compositions and moduli of pAAm gels

AAm* content wm (wt %) Bisy content wx (wt %) G0 (Pa)

3.0% 0.02–0.2% 12–160
5.0% 0.02–0.2% 60–1100
7.5% 0.02–0.2% —
10.0% 0.02–0.2% 400–9600
12.0% 0.02–0.2% —

*Acrylamide.
yBisacrylamide.FIGURE 1 (A) Phase-contrast optical image of a creased pAAm

gel surface (1 kPa; 10 wt % AAm, 0.01 wt % sodium acrylate,
0.02 wt % Bis. Scale bar, 200 mm. (B) A confocal fluorescence
image (x,y,z scale 1:1:3) after swelling reveals sharp folds in
the gel surface (inset: x-y slice 32 mm below the surface).

FIGURE 3 (A) Linear swelling lf versus Bis content wx for
different AAm contents wm (see legend). Open symbols repre-
sent compositions where surface-attached gels formed creases.
Dotted and dashed lines at lf ! 1.5 and wx! 0.028 wt %, respec-
tively, delineate creased from stable gels. (B) Shear moduliG0 of
pAAm gels. (Open symbols) Compositions where surface-
attached gels formed creases. (Solid line) Predicted modulus if
all cross-links were elastically active. Estimated uncertainties
correspond approximately to marker sizes in both plots.

Biophysical Journal 99(12) L94–L96

Biophysical Letters L95

Creases

106 CHAPTER 12. ELASTIC INTERFACES INSTABILITY

Dicotyledons Monocotyledons

Schizophragma hydrangeoides Bamboo

1.5 mm

reticulated striated

Figure 12.9: Image of a Dicot and a Monocot leaf.

in leaves [?]. Moreover, we measured the time evolution of the angles between pre-existing folds
in our experiments (see [P01]) and at each node, the angles between folds are the result of a
balance of forces, which changes slowly in time both because of material expansion and the
connection, or nucleation, of new folds, as is observed in the case of pre-existing loops in leaves
[?].

In the case of monocotyledons, leaves show a di↵erent striated pattern in which major lon-
gitudinal veins lie parallel to the axis of the leaf and are connected transversally by minor
commissural veins (see Fig. 12.9). Monocot leaves grow folded inside an elongated cylindrical
sheath that protects them from the environment. We believe that this cylindrical geometry of
growth guide longitudinal venation. The importance of the geometry of growth is also captured
by our experiment on curved PDMS slab which displays a striated pattern of folds, analogous to
the venation of monocots, where longitudinal folds are connected by transversal ones (see Fig.
12.7).

The di↵erent lines of evidence presented above suggest that a folding instability provides
a stress-release mechanism capable of producing a hierarchical pattern analogous to the one
observed in leaves of many species of plants, including monocotyledons. Recently, numerical
models (15, 27, 28) of two-dimensional mesophylls (inner tissue of the leave where veins grow)
reported patterns analogous to those observed in our experiments. These numerical studies
underlined the necessity of a local stress-release mechanism to obtain a hierarchical division
process based on several ingredients, including an irreversible collapsible state for cells, and, in
order to obtain reorganization in time a di↵erent mechanical response to growth between cells
in veins and in areoles. In our experiments, folds intrinsically involve these ingredients.

In their seminal work, Couder et al. [57] commented that the problem of venation is related
to the genesis of the procambium, the vein precursor cells observed during leaf growth. The
procambium is only weakly di↵erentiated from the surrounding cells and transverse cross-section
of leaves showed that strands of elongated cells with specific direction of cell divisions characterize
it. This two-dimensional picture of the procambium inspired Couder et al. to propose that the
procambium di↵erentiation is the active response of mesophyll cells when a critical value of the
compressive stress is reached and that such a local stress relaxation mechanism could produce a
hierarchical network. However, the picture is not as simple. Indeed, venation paths are proven
to pre-exist procambium di↵erentiation, as shown in Fig. 12.10 questioning the possible role
stress could have on venation.

In fact, the prevalent view on the ontogeny of venation patterns, relies on the directional
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Visual analogy between venation & crack patterns

Venation Patterns

Crack Patterns

Pattern controlled 
by a tensorial 

field,

Is this field represented by mechanical stress ?

Couder et al. , 2002

while [Auxin] is a 
scalar field. 
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Visual analogy between Fold & Crack patterns

43

In compression In tension
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 Reorganization of stress distribution: 
Visible thanks to the wrinkles !

44
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General mechanism to produce a pattern

45

The hierarchical division of space is fundamentally linked to 
the tensorial nature of the stress field and the local and 
anisotropic release of stress
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Venation in silico: stress release mechanism
Corson*et#al,*J.#Theor#Biol#(2009)Laguna*et#al,*PLoS#Comput.#Biol.#(2008)

! 'Irreversible'collapsible'state'for'cells
!  Different'mechanical'response'between'veins'and'ground'cells

Ground*cell Vein*cell

Produce a reticulated pattern. Collapse in leaves ?
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Procambial cells are indeed collapsed

47

Nelson*et#al,*Plant#Cell#(1997)
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But an analogy is not an homology !
12.8. LEAF VENATION AND RETICULATED NETWORKS 107

A

B C

Figure 12.10: Arabidopsis leaf vasculature development with (A) pre-procambium and (B) procambium
cells (from [165]). Scale bar = 50µm.

di↵usion of the growth hormone auxin based on the polar localization of its e✏ux carriers which
concentrate auxin into preferential paths, promoting cells di↵erentiation into veins during devel-
opment (9, 10). But existing models are based on a wide range of hypotheses and largely lack a
firm mechanistic foundation in experimental data [217]. For instance, the mechanism by which
a cell could measure the auxin concentration and/or its flux in neighboring cells in order to
direct correctly the e✏ux carriers, such as PIN1, are not known. Recently however, correlated
patterns of auxin and PIN1 e✏ux carrier localization and cortical microtubule orientation have
been made. These experiments reveal that both PIN1 localization and microtubule array ori-
entation are likely to respond to a shared upstream regulator that appears to be biomechanical
in nature [157]. Through mathematical modeling, the authors show that such a biophysical
coupling could mediate the feedback loop between auxin and its transport that underlies plant
phyllotaxis. Since auxin controls local growth and microtubule orientation controls anisotropic
response of the cell walls to growth, this last result reintroduces the possible role of stress in
venation but its hierarchical patterning role needs to be proven. Therefore, both chemical and
mechanical signals could play coupled and complementary roles in hierarchical patterning during
venation.

Nevertheless, our observations of localization patterns under biaxial compression may provide
insight into the formation of general reticulated patterns in elasticity. The striking resemblance
of the hierarchical network of localized folds (Fig. 2b), the fracture patterns in drying pastes[57]
(Fig. 2a) and the venation networks in leaves (Fig. 2c), raises the possibility that there may
be a universal class of localization patterns both in elasticity and in other out of equilibrium
systems.

Other fields to take into 
consideration !

[Auxin] link to elasticity ?
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If the stress field is not important 
Why such resemblance ?

features of venation formation in young Arabidopsis leaves.
In all cases, we assumed that an increased auxin flux led to
vein differentiation (see Models section).

Acropetal formation of the primary vein

Analysis of vein patterning at the pre-procambial stage
(Scarpella et al., 2004) suggests that the primary vein is
formed acropetally (from leaf base to leaf tip), in spite of
auxin being transported basipetally from source to sink. This
phenomenon can be reproduced assuming that the forma-
tion of the primary vein is sink-driven rather than source-
driven. With a single sink cell at the bottom of the tissue and
an incoming flux of auxin along the entire top edge of the
tissue, a strand of increased flux developed acropetally from
the sink towards the top of the tissue (Figure 3a–c and
Movie S1 in Supplementary Material). Both FD and PT
models produced similar results.

Loop formation

In Arabidopsis, after the primary vein has been formed,
secondary veins appear as loops connecting to the primary
vein at different points (Figure 4a). This can be modeled
using either facilitated diffusion or polar transport, but the
models use different sets of assumptions and produce dif-
ferent results.

In the FD model, but not the PT model, loops appeared
only if the sink gradually moved away from the initial source
to simulate leaf growth, and two new sources were added
one after another on both sides of the initial source
(Figure 4b and Movie S2 in Supplementary Material). This
mode of operation is consistent with the assumption that
formation of leaf patterns involves shifting discrete auxin
sources (Aloni et al., 2003). The first source of auxin triggers
canalization. By the time the second and third sources are
added, the cell that contained the first source is already

Figure 3. An FD model of acropetal vein formation.
Initial conditions were a linear gradient of concentrations with high concentration at the top and zero concentration at the bottom line of cells. Boundary conditions
were a constant flux of auxin coming from the top edge of the tissue, and a sink for auxin (c ! 0) in cell (1,6).
(a) Simulation is shown at step 500: a strand started forming acropetally.
(b) Step 700 of the simulation: the strand has progressed acropetally.
(c) Step 10 000 of the simulation (steady state has been reached).

Figure 4. Formation of secondary veins.
(a) Early stage of vein formation in an Arabidopsis leaf, showing the primary vein and the first two loops of secondary veins as full black lines. (Reprinted from
Candela, H., Martı́nez-Laborda, A. and Micol, J.L. (1999) Venation pattern formation in Arabidopsis thaliana vegetative leaves. Dev. Biol. 205, 205–216, with
permission from Elsevier.)
(b) An FDmodel of loop formation. Initial concentrations were zero everywhere, and there was no incoming flux of auxin. A first auxin source (r ! 200) was present
in cell (9,6) until step 50, a second auxin source (r ! 200) was set in cell (9,9) from step 1600 onwards, and a third source (r ! 200) was set in cell (9,3) from step 2000
onwards. Initially cell (8,6) was a sink, then after every 500 simulation steps the sink was moved down one cell, until the last stage shown at step 4000.
(c) A PT model of loop formation, formulated using Equations (4). Initial concentrations were zero everywhere and there was no incoming flux of auxin. A source
(r ! 200) was set in cells (9,5), (9,6) and (9,7). A sink (c ! 0) was set in cell (1,6). Simulation is shown at step 10 000 (steady state has been reached).

Reviewing models of auxin canalization 859
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Stress ? vs Polar transport ?

Equivalent mathematically ? 
What tensor ?

�ij ij
stress tensor permeability tensor

A vein modifies locally and anisotropically 
the permability tensor to Auxin
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Link between transport and stress ?

Role of Auxin and its transport ?

Cells have microtubules
They align with stress or before 

division

Anisotropic response to growth 
and to permeability ?

Auxin controls local growth

Hamant and Traas, 2010
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What do you think ?
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Canalization hypothesis realized in a foam ?

Work with Cyrille, see also appendix 
of Anke Lindner Thesis
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Delamination network

Source : NASA/JPL/Space Science Institute

Encelade Rubber Baloon

Melon Cantaloupe
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